An exact numerical study is undertaken into the finite N calculation of the free energy and distribution functions for the two-dimensional one-component plasma. Both disk and sphere geometries are considered, with the coupling Γ set equal to 4 and 6. Extrapolation of our data for the free energy is consistent with the existence of a universal term χ 12 log N , where χ denotes the Euler characteristic of the surface, as predicted theoretically. The exact finite N density profile is shown to give poor agreement with the contact theorem relating the density at contact and potential drop to the pressure in the thermodynamic limit. This is understood theoretically via a known finite N version of the contact theorem. Furthermore, the ideas behind the derivation of the latter result are extended to give a sum rule for the second moment of the pair correlation in the finite disk, which in the thermodynamic limit converges to the Stillinger-Lovett result.
Introduction
The two-dimensional one-component plasma (2dOCP) is a model in classical statistical mechanics which consists of N mobile point particles of charge q interacting on a surface with uniform neutralizing background charge density. The pair potential Φ( r, r ′ ) between particles is the solution of the Poisson equation on the particular surface. In the plane Φ( r, r ′ ) = − log | r − r ′ |/l , (1.1)
where l is some arbitrary length scale which will henceforth be set to unity. With the potential (1.1) and a uniform background of charge density −ρ b inside a disk of radius R (ρ b = N/πR 2 ) the corresponding Boltzmann factor, which consists of the particle-particle,
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1 email: gtellez@physique.ens-lyon.fr 2 email: matpjf@maths.mu.oz.au particle-background and background-background interaction, is given by where Γ := q 2 /k B T is the coupling. We remark that with Γ/2 an odd integer, (1.2) is proportional to the absolute value squared of the celebrated Laughlin trial wave function for the fractional quantum Hall effect [Lau83] .
At the analytic level our knowledge of the properties of the 2dOCP comes from two main sources. First, for the special coupling Γ = 2, the exact free energy and correlation functions can be calculated for a number of different geometries [AJ81, Cho81, Cai81, JT98] . Second, the 2dOCP is an example of a Coulomb system in its conductive phase and as such should obey a number of sum rules (see e.g. [Mar88] ) which typically represent universal properties of such a system. We remark also that the exact solutions at Γ = 2 have been an important source of inspiration to identify universal properties.
In this paper we develop exact numerical solutions at the special couplings Γ = 4 and Γ = 6 for values of N up to 11 and 9 respectively. By undertaking this study we are able to test the prediction of Jancovici et al. [JMP94] that the expression for the free energy F as a function of the number of particles N be of the form
where χ denotes the Euler characteristic of the surface (χ = 1 for a disk, χ = 2 for a sphere). Furthermore we are able to investigate the rate of convergence of the one and two point correlation to their thermodynamic values, as well as the accuracy of certain sum rules in the finite system. In fact the latter line of investigation leads us to a new sum rule valid for general ν dimensional multicomponent Coulomb systems in a spherical domain, which relates to the second moment of the density-charge correlation function in the finite system. We recall (see e.g. [Mar88] ) that in the infinite system the second moment of the charge-charge correlation function is of a universal form known as the Stillinger-Lovett condition. Indeed our sum rule (4.24) below gives the finite size correction to this universal form in systems with a background.
As an outline of the paper, we note here that in Section 2 formulas are presented specifying the partition function and one and two point distribution functions for the disk and sphere geometries, with the coupling an even integer, in terms of certain expansion coefficients. These expansion coefficients are in general computationally expensive, but reasonably efficient algorithms exist in the literature applicable to the cases Γ = 4 and 6. Our numerical results our presented in Section 3. The new sum rules are derived and discussed in Section 4, while Section 5 concludes with a summary.
Formalism
Our interest is in the exact numerical computation of the partition function and one and two-point correlation functions for the 2dOCP in a disk and on the surface of a sphere.
In the former system the Boltzmann factor is given by (1.1). Two versions of this model will be considered: one in which the particles are confined to a disk of radius R (the same disk which contains the smeared out neutralizing background), and the other in which the particles are can move throughout the plane. These will be referred to as the hard disk and soft disk respectively. In the latter system the Boltzmann factor (1.1) is assumed valid also for | r i | ≥ R, even though the one body potential πρ b | r i | 2 /2 is not the correct potential for the coupling between a particle and the background in this region (according to Newton's theorem outside the disk the background creates the same potential as a charge −N at the origin, so the correct Coulomb potential outside the disk is N log | r i |).
On the surface of the sphere the Boltzmann factor is given by 1 2R
where u := cos(θ/2)e iφ/2 , v := −i sin(θ/2)e −iφ/2 are the Cayley-Klein parameters and (θ, φ) are the usual spherical coordinates. For our purpose it is convenient to consider the stereographic projection of this system from the south pole of the sphere to the plane tangent to the north pole. This is specified by the equation
We then have 1 2R
The cases Γ = 4p
For Γ = 4p, integrals over the Boltzmann factors (1.1) and (2.3) can be performed from knowledge of the coefficients in the expansion
where µ = (µ 1 , . . . , µ N ) is a partition of pN(N − 1) such that
is the corresponding monomial symmetric function (the m i denote the frequency of the integer i in the partition). The key point for the utility of (2.4) is that with z j = r j e iθ j , the m µ are orthogonal with respect to angular integrations:
where G µ l := 2 ∞ 0 dr r 1+2µ l g(r 2 ) for arbitrary g(r 2 ). Thus, after also noting that
we see that for Γ = 4p
(2.7) In the case p = 1 this formalism has been utilized by Samaj et al. [SPK94] , who furthermore presented an algorithm for the computation of {c µ } in this case. Let us now consider this latter point.
In general the coefficients c 
which follows from (2.4). Since we require |µ| = pN(N − 1), the integral over θ N can be performed by changing variables θ j → θ j + θ N (j = 1, . . . , N − 1) to give
The simplest case is N = 2, when the sum over pairs in (2.9) is not present. Expanding (1 − e iθ 1 ) 2p according to the binomial theorem gives
where µ 1 = p, p + 1, . . . , 2p (for µ 1 = p we have µ 1 = µ 2 and thus m µ 1 = 2, while in all other cases µ 1 = µ 2 and so m µ 1 = m µ 2 = 1). Substituting in (2.7) we see, after some minor manipulation, that
(2.10) (N − 1)N products via the binomial theorem, giving a total of ( 1 2 (N − 1)N) 2p+1 terms to determine each value of c µ . Thus for a given value of N the complexity increases exponentially with the coupling p. As we want to determine the c µ for a sequence of values of N as large as possible, we are therefore restricted to the case p = 1.
In fact the case p = 1 allows (2.8) to be computed without using the binomial expansion [SPK94] . Instead one uses the Vandermonde formula for the product of differences as a determinant to expand the products in (2.8). This gives
which is the formula we used to compute our data in the case p = 1 for N = 3, . . . , 10.
The cases Γ = 4p + 2
With Γ = 4p + 2, decomposing the product of differences analogous to (2.6) shows that we must consider the product of differences raised to an odd power. The analogue of (2.4) is then the expansion
and A denotes antisymmetrization. Factoring out the antisymmetric factor j<k (z k − z j ) from both sides then gives
where S µ denotes the Schur polynomial indexed by the partition µ. Furthermore, analogous to the orthogonality (2.5) we have
(2.14)
Thus for Γ = 4p + 2, instead of (2.7) we have
According to (2.12) the coefficients c (N )
µ (2p + 1) can be computed from the formula (2.8) with µ j → µ j + N − j and 2p → 2p + 1, or equivalently (2.9) with the same replacements.
In the case N = 2 this latter formula gives
with µ 1 = p, . . . , 2p. This in turn implies that the formula (2.10) again holds with 2p → 2p + 1.
To obtain data for consecutive values of N, the computationally simplest case is p = 1. However algorithms based on (2.8) (with µ j → µ j + N − j and 2p → 2p + 1) are inferior to methods that determine c (N ) µ (3) from (2.13) [FGIL94, Dun94, STW94] . The most efficient algorithm appears to be the one of Scharf et al. [STW94] , where the coefficients c 
The sphere
The Boltzmann factor for the sphere, stereographically projected onto the plane, is given by the r.h.s. of (2.3). Thus, with r j → 2R r j we require
in the integral (2.7). However, computational savings can be obtained by first noting that because the sphere is homogeneous, one particle can be fixed at the north pole, reducing the number of integrals from N to N − 1 (we must also multiply by π -the area of the surface of a sphere of radius 1/2). Thus we have
and so should choose
With g(r 2 ) given by (2.18), the formulas (2.7) and (2.15) show that at Γ = 4 and Γ = 6 the canonical partition function
can be represented by the series
To obtain these formulas use has been made of the definite integral
Because the sphere is homogeneous, the two-point distribution ρ (2) ((θ, φ), (θ ′ , φ ′ )) can be computed with one particle at the north pole (θ ′ = 0 say). We then have
so the two-point function can be computed from an integral of the form (2.7). In fact with g(r 2 ) given by (2.16) we have
where x = tan(θ/2). For Γ = 4 this gives
while for Γ = 6 we deduce that
The disk
In the case of the disk, (1.2) with r j → R r j shows we require
where χ = 1 for r 2 < 1 and zero otherwise in the case of the hard disk, while χ = 1 for all r in the case of the soft disk. Thus from (2.7) we have at Γ = 4
while at Γ = 6 use of (2.15) gives
with the soft disk case obtained by replacing the incomplete gamma functions by complete gamma functions.
Unlike the situation with the sphere, the density is a non-constant function in the disk geometry. Now, with g(r 2 ) given by (2.18) we have
δg(r 2 ) .
At Γ = 4 this gives
while at Γ = 6 one obtains
The corresponding formulas for the soft disk are obtained by replacing the incomplete gamma functions by complete gamma functions.
Finally, we consider the two-point function in the disk geometry. In general this quantity is not just a function of the distance between particles, and so we cannot use the formalism based on the orthogonalities (2.5) and (2.14). However, with one of the particles fixed at the origin ( r ′ = 0 say) we have ρ (2) ( r, r ′ ) = ρ (2) (r), so in this case the formalism used to compute the densities can again be used. Thus using the general formula
we find for the hard disk case
for Γ = 4 and Γ = 6 respectively. Again the corresponding results for the soft disk are obtained by replacing the incomplete gamma functions by complete gamma functions.
3 Numerical results
Free energy -sphere geometry
In the Introduction it was commented that the free energy is expected to have a large N expansion of the form (1.3) with χ = 2 in sphere geometry. In fact the constant B in (1.3), which is a surface free energy, should be identically zero in sphere geometry, so we expect a large N expansion of the form
As noted by Jancovici et al. [JMP94] , the validity of (3.1) can be explicitly demonstrated at β = 2 because of an exact solution due to Caillol [Cai81] . The mechanism for the exact solution can be seen within the present formalism. Thus, at Γ = 2 we require the coefficients c µ (1) = 0 otherwise. Substituting in (2.15) with g(r 2 ) given by (2.18), and making use of (2.21) we thus obtain [Cai81]
This substituted into the general formula
leads to the expansion [JMP94]
where f = 1 2 log(ρ b /2π 2 ). We remark that by introducing the Barnes G function according to
we can write
The large N expansion of the Barnes G function is known to be [Bar00]
This together with Stirling's formula allows us to extend (3.4) to the expansion
(3.6)
In the cases Γ = 4 and Γ = 6, by following the numerical procedure detailed in the previous section, we have been able to compute the partition functions (2.19) and (2.20) up to 11 and 9 particles respectively. The results are listed in Table 1 . Our results are presented in decimal form. However the terms in the summations of (2.19) and (2.20) are all rational numbers, and we have also calculated the sum itself as a rational number. A point of interest is the factorization of the denominator and numerator of the rational number. The exact result (3.2) shows that at Γ = 2 only small integers occur in this factorization. However our exact data shows that this feature is no longer true at Γ = 4 or Γ = 6. For example, at Γ = 4 and with N = 9 we find that the summation in (2. 19 To analyze our data we first sought fitting sets of consecutive values of N to the ansatz
The results are contained in Table 2 . Notice that at Γ = 4 the value of the free energy per particle A appears to have converged to 3 decimal place accuracy, while the value of K appears similarly to be converging, with the final value in the table differing from 1/6 only in the third decimal. The general trends are the same for the Γ = 6 data, although the convergence rate (as determined by the difference between sequential values) is slower.
Next we sought fitting four consecutive values of N to the ansatz
The results of this fit are presented in Table 3 . At Γ = 4 this markedly improves the convergence rate, with the final estimate of K now differing from 1/6 by only 3 parts in 10 4 . However at Γ = 6 the convergence rate is in fact worsened, indicating some illconditioning when the extra free parameter is introduced. Note also that the coefficient of 1/N in both cases appears to be non-zero, as distinct from the situation at Γ = 2 exhibited by the analytic result (3.6).
Finally, we sought to estimate from our data an accurate as possible value of the free energy per particle, βf Γ say. For this purpose we fitted the data to the ansatz Table 4 : Fitting the values of βF Γ,N with N as specified, taken from Table 1 , to the ansatz (3.9). thus assuming the universal term in (3.1). Four free parameters are used at Γ = 4, while only 3 free parameter are used at Γ = 6, in keeping with observed illconditioning when a fourth parameter is introduced. Our results are presented in Table 4 , where βf Γ is determined by A Γ . We see that there at Γ = 4 we appear to have convergence to 7 digits with the estimate βf 4 = −2.449884 · · · (3.10)
while at Γ = 6 our final estimate is
accurate to 5 digits.
We note that there is some early literature on estimating βf 4 and βf 6 from exact small N numerical data [JM83] . Using only the values of βF N,Γ for N = 1, 2 and 3, the quantity
was estimated for Γ = 4, 6, . . . , 10. In particular, at Γ = 4 and Γ = 6 these estimates of βf Γ give βf 4 ≈ −2.1585, βf 6 ≈ −3.330, which differ from our estimates (3.10) and (3.11) in the first decimal place.
Free energy -disk geometry
For the disk geometry, the prediction (1.3) gives a large N expansion of the form
As in the case of the sphere geometry, this prediction can be verified analytically using the exact solution for the isotherm Γ = 2 [AJ81] . The exact solution gives [JMP94]
where
Some details of the expansion of βF 2 are different for the soft edge version of the OCP in a disk (recall Section 1). From the exact formula
and the asymptotic expansion (3.5) we see that
(3.14)
Thus indeed both (3.1) and (3.14) contain the universal term (1/12) log N, although (3.14) does not contain a surface tension term (this fact has been noted previously in [FGIL94] ).
At Γ = 4 and Γ = 6 we obtained exact numerical evaluation of the partition functions (2.26), (2.27) and (2.28) (and the modification of (2.28) for the soft disk case) as in the sphere case. Our results for the corresponding value of βF are contained in Table 5 . To test the prediction (3.1), we sought to fit our data to the ansatz
where βf Γ is given by (3.10) and (3.11) for Γ = 4 and Γ = 6 respectively, and the choice in (3.15) is made retrospectively on the criterium of obtaining better convergence.
Our results are obtained in Table 6 . We see that for the hard disk at Γ = 4 our final estimate of K 4 differs from 1/12 by only 2 × 10 −4 . At Γ = 6 we see that more data would be needed to get a stable sequence, although the final estimates of K 6 are consistent with the expected value of 1/12.
Density and two-point distribution Density
Consider for definiteness the disk geometry with a hard wall at Γ = 4. Using the formula (2.29) the density profile can be calculated for up to 10 particles. One way to present the data is in graphical form with the boundary of the disk taken as the origin. This is done in Figure 1 . The plot shows rapid convergence of the profiles near the boundary.
To investigate the rate of convergence of the whole profile as measured from the boundary to the thermodynamic value we can investigate the contact theorem [CFG80] . This expresses the thermodynamic pressure in terms of the density at contact with the wall, and the potential drop across the interface (which in turn is proportional to the first moment of the density profile). Explicitly the contact theorem states
where we stress again that the density is measured from the boundary.
Much to our initial surprise, the convergence of the r.h.s. to the l.h.s. for the finite N data is very slow. For 10 particles the error is of order 30%. Further investigation reveals that this is not special to the coupling Γ = 4. At Γ = 2 we have the analytic expression [Jan81] ρ (1) (r) = 1 2π
where r is measured from the boundary and the background density is taken to equal unity. Choosing N = 10 and substituting in (3.16) again gives an error of order 30%. Indeed choosing N = 500 still gives an error of order 3%.
In fact the slow convergence of (3.16) can be understood analytically by making use of a sum rule for the OCP applicable for the finite disk [CFG80] . This sum rule reads
where ρ (1) (r) is measured inward from the boundary. Noting that charge neutrality requires
This shows that the finite size corrections to the r.h.s. of (3.17) are proportional to N −1/2 , thus explaining our empirical observation. 
Two-point function
At Γ = 2 and in the thermodynamic limit the two-particle distribution function has the exact evaluation [Jan81] ρ (2) (0, r) = ρ
This is a monotonic function, with the corresponding truncated distribution ρ T (2) (0, r) := ρ (2) (0, r) − ρ (1) (0)ρ (1) ( r ) exhibiting Gaussian decay to zero. There is evidence, both analytic and numerical [Jan81, CLWH82] which suggests that for Γ > 2 the two-particle distribution exhibits oscillations. At Γ = 4 this feature has already been observed in the exact finite N calculation of ρ (2) (0, r) by Samaj et al. [SPK94] . Furthermore, this feature should become more pronounced as Γ increases. This is indeed what we observe when plotting our results for Γ = 4 and Γ = 6 on the same graph (see Figure 2) .
The fact that the 2dOCP is a Coulomb system in its conductive phase implies that in the bulk the second moment of the truncated distribution obeys the Stillinger-Lovett sum rule
For the hard disk in the finite system we can compute
and compare it with the universal value given by (3.18). At Γ = 4 and with N = 9 we find agreement with the universal value to within 2%. In fact, analogous to the integral in (3.17), the integral (3.19) can be evaluated exactly and the terms which differ from −2/πΓ read off. In the hard wall case we find
while in the soft wall case the same expression results except that the boundary term Nρ
is no longer present on the r.h.s., while on the l.h.s. the integral is over R 2 .
We see from (3.20) that the deviation in the finite system from the bulk value (3.18) is determined by
and thus consists of a bulk and surface contribution.
New sum rules
In this section we present the derivation of the sum rule (3.20) and its generalization to multicomponent Coulomb systems. First we show that the sum rule can be derived within the formalism of Section 2, then we present a more general derivation of the sum rule.
The case Γ even
The formalism presented in Section 2 is valid only if Γ is an even integer. Within this formalism we can use the expressions (2.31) and (2.32) for the two-point correlation functions (and its generalizations to higher Γ) to compute the second moment
where Λ is a disk of radius R (hard disk) or R 2 (soft disk). For example in the hard disk case with Γ = 4, for each term in the sum (2.31) the integral (4.1) gives an incomplete gamma function γ(µ j + 2, 2N). Then we use the recurrence relation
to split the expression in two. The first term is proportional to ρ (1) (0) while the second is proportional to ρ (2) (0, R). The sum rule (3.20) follows from that.
The calculation can be easily generalized to any even Γ. In the soft disk case since the incomplete gamma functions are replaced by complete gamma functions the recurrence relation (4.2) does not have a second term on the r.h.s., therefore there is no surface contribution proportional to ρ T (2) (0, R) in the sum rule.
General case
In fact a more general derivation of this sum rule, valid for any value of the coupling constant, can be obtained by studying the variations of the density as a function of the size of the disk.
Let us consider the general case of a multicomponent jellium in ν dimensions confined in a spherical domain Λ of radius R and volume V = Ω ν R ν /ν with Ω ν = 2π ν/2 /Γ(ν/2). The system is composed of s different species with charges (e α ) α∈{1,...,s} and there are N α particles of the species α. Let N = α N α be the total number of particles and let us define the average density of the species α, ρ α = N α /V and the total average density ρ = N/V . As in the preceding sections ρ b is the background number density and let e b be its charge so that the background charge density is e b ρ b . For convenience let us define the "number of particles of the background" by N b = ρ b V . In general the Coulomb potential is
and the Coulomb force is
The Hamiltonian of the Coulomb system is
We shall consider the correlation functions in the canonical ensemble
The · · · is the average in the canonical ensemble and in the preceding sums if some α a = α b we exclude the term i a = i b as usual.
In three dimensions in order to have a well defined thermodynamic limit we shall restrict ourselves to the case where all electric charges e α have the same sign and the background carries a opposite neutralizing charge. In two dimensions we can also consider systems with charges of different signs and eventually without background (ρ b = 0) if the coupling contants |βe α e γ | < 2 for all pair of charges (e α , e γ ) of different signs.
Contact theorem sum rule
The derivation of the sum rule for the second moment of the two-point correlation function is similar to that of the contact theorem for a spherical domain [CFG80] . Let us first show here the generalization of this contact theorem for the multicomponent jellium. We consider the canonical partition function (times N!)
as a function of the volume V . We shall compute the thermodynamical pressure p (θ) = ∂ log Q/∂V in two different ways. The derivative is done at fixed number of particles and fixed N b . In general using the scaling r = V 1/ν˜ r we have
whereΛ is a sphere of volume 1.
A first way to compute the derivative of U is by using the general formula
This gives, together with the definition (4.5) of U,
We can transform the preceding expression by using the first equation of the BGY hierarchy
The r.h.s of (4.11) appears in the first and second lines of (4.10). Replacing it by the l.h.s of (4.11) we find
The first term of the r.h.s of the preceding equation can be computed by integration by parts while the others can be computed using the definition (4.4) of the Coulomb force F and Newton's theorem. This yields the following expression for the thermodynamical pressure
The other way to compute the thermodynamical pressure is to use the actual scaling properties of the Coulomb potential Φ,
(4.14)
Substituting this expression in (4.8) gives
where Q = α e α N α + e b N b is the total charge of the system.
Equating the two expressions (4.13) and (4.15) of the thermodynamic pressure we find the generalization of the contact theorem
where q( r ) = α e α ρ
(1) α ( r ) + e b ρ b is the local charge density.
Density-charge correlation second moment sum rule
Similar calculations lead to the second moment sum rule for the density-charge truncated correlation function β e β ρ (2)T αβ (0, r ). Here we consider the quantity
as a function of the volume V . Note that the density of the species α at the center of the spherical domain is ρ
(1)
Like in the preceding section we want to compute by two different ways the quantity Q −1 ∂Q α /∂V . Using the same scaling argument as before we have
Using eq. (4.9) and the definition (4.5) of the Hamiltonian U we find
Using the second BGY equation 20) and then integration by parts
we can arrange expression (4.19) to find, after computing explicitly the integrals involving F using Newton's theorem,
The second way for computing Q −1 ∂Q α /∂V is by using directly equation (4.14) into equation (4.18). This gives,
whereρ
is the microscopic density of α-particles at the center of the domain Λ.
Comparing the two expressions (4.22) and (4.23) of Q −1 ∂Q α /∂V gives a sum rule for the second moment of the density of α particles-electric charge correlation function. The sum rule takes a nice form by considering the truncated correlation function and making use of the contact sum rule (4.16),
In the case of the two-dimensional OCP (ν = 2, s = 1 and e b = −e 1 ) this is exactly the sum rule (3.20) announced in the preceding section
The sum rule (4.24) is in fact a series of s sum rules for the density-charge correlation function β e β ρ (2)T αβ (0, r ) for each species α. By taking the sum of these sum rules with the factors e α , we find a sum rule for the charge-charge truncated correlation function S(0, r ) = α,β e α e β ρ (2)T αβ (0, r ),
4.2.3 Thermodynamic limit of the sum rules
Canonical ensemble
In order to study the relationship between sum rules (4.24) and (4.25) and the StillingerLovett sum rule, we need to know the behavior of the correlation functions as they approach the thermodynamic limit. This behavior is different depending on the ensemble used. In this section we continue to work in the canonical ensemble.
In general we shall suppose that in the thermodynamic limit the system is in a fluid and conducting phase. In this case the density becomes uniform in the thermodynamic limit ρ (1)
because in the canonical ensemble the density does not fluctuate.
Let us first consider the case of a multicomponent Coulomb system without background (in two dimensions with small Coulomb couplings). In that case equation (4.24) becomes ρ
This equation (4.27) give us the behavior of the correlation functions as they approach the thermodynamic limit
This is a generalization of an already known result concerning the existence of 1/N tails for the correlation functions of one component fluids with short range forces [LP61] . However, for a neutral system taking the sum of equations (4.28) with the coefficients e α show that the charge-total density correlation does not have 1/N tails,
It is likely that a similar behavior exists in the general case (ρ b = 0, ν = 2, 3), so it would be difficult to derive from (4.24) partial sum rules for the density-charge correlations in the thermodynamic limit because with the 1/N tails, one cannot commute the thermodynamic limit with the integration over the space. However, one can conjecture that although the density-density correlations have 1/N tails, in the conductive phase the total density-charge correlations do not have these tails as it is in the case when ρ b = 0. If this is true, and assuming that the convergence of the charge-charge correlation function is uniform (in order to commute the thermodynamic limit with the integration over the space), one can recover the Stillinger-Lovett sum rule from the sum rule (4.25) for finite systems,
The fact that we recover the Stillinger-Lovett sum rule is of course not a proof of our conjecture, but at least it show that our conjecture is not in contradiction with well known results.
Grand canonical ensemble
For systems with short range forces the correlations functions do not have 1/N tails in the grand canonical ensemble as they approach the thermodynamic limit [LP61] . We will show that this is also the case for two-dimensional Coulomb systems with small couplings when there is no charged background and assuming this is also the case in general for a multicomponent jellium we will discuss the thermodynamic limit of the partial sum rules.
The partial sum rules (4.24) obtained before are different in the grand canonical ensemble. The grand canonical ensemble is parametrized by the background density ρ b and s − 1 fugacities {z γ } used to fix s − 1 average densities ρ γ , the remaining density fixed by electroneutrality. The grand canonical version of the sum rules (4.24) can be obtained in a straightforward manner by adapting the calculations of the last section. However special care should be taken because of the fluctuation of the average densities in the grand canonical ensemble. These fluctuations add some extra terms to sum rule (4.24),
To proceed with the discussion of the thermodynamic limit of this sum rule, we need to use a relation that will allow us to simplify the terms on the r.h.s. of equation (4.31) in the thermodynamic limit. This relation reads for ν = 2 or 3, for any positive number λ. Taking the derivative of these relations with respect to λ, then putting λ = 1 and using the usual thermodynamic relations yields for ν = 3, where H is the total internal energy (including the kinetic term). The announced relation (4.32) follows from taking the derivative of (4.36) and (4.37) with respect to the fugacities.
As before let us consider first the case ρ b = 0 (in two dimensions for systems with small couplings). Then equation (4.31) together with equation (4.32) shows that the grand canonical total density-partial density correlation function does not exhibit any 1/N tails, R that have been previously derived by Suttorp and van Wonderen [SvW87] in the three dimensional case. These equations also hold for two-dimensional systems. One can recover the Stillinger-Lovett sum rule (4.30) by taking the sum of these equations (4.39) with the factors e α and using electroneutrality. Notice that the condition (4.38) on the thermodynamic limit of the two-point correlation function when one of the points is in the boundary is different from the usual condition needed to prove the Stillinger-Lovett [MG83] that the correlation function of the infinite system should decay faster than 1/r ν+2 .
Notwithstanding the relation of the sum rules (4.24) and (4.31) with the StillingerLovett sum rule (4.30), let us stress that for finite systems these sum rules are not screening sum rules like the Stillinger-Lovett sum rule since for finite systems the screening of external charges does not exists (because since the total electric charge is conserved, the excess of charge can not leak out to infinity like it does in infinite systems). From the derivation presented in the previous section it is clear that the new sum rules should be seen more as a second order contact theorem rather than a screening sum rule. Futhermore when there is no background (ρ b = 0) the relation with Stillinger-Lovett sum rule disappears because the term containing the second moment of the density-charge correlation vanishes.
Summary and conclusion
Expanding the power of the Vandermonde determinant that appears in the Boltzmann factor of the 2dOCP in terms of simple orthogonal polynomials we have been able to develop exact numerical solutions for values of the coupling constant Γ = 4 and Γ = 6 for finite systems up to 11 and 9 particles respectively for different kinds of geometry (sphere, soft and hard wall disk). With these solutions we have been able to test the prediction [JMP94] of universal logarithmic finite size corrections to the free energy (1.3). Studying the correlation functions has lead us to find a new sum rule (3.20) similar to the Stillinger-Lovett sum rule for finite systems. This sum rule can be derived within the formalism of section 2, but can also be generalized to higher dimension and multicomponent jellium systems (eq. (4.24)).
Further applications of the formalism presented here are the study of surface correlations which are expected to have a universal behavior at large distances [Jan95] . Also the formal expressions of the correlations functions (2.31) and (2.32) could eventually be used to find higher order sum rules or other general properties. on section 4.
